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The vibro-acoustic behaviour of elastic structures coupled with cavities filled with 
a heavy fluid can be modelled by using the Finite Element Method. In order to 
reduce computing time, the Patch Transfer Function (PTF) approach is used to 
partition the global problem into different sub-problems. Different types of 
problem partitioning are studied in this paper. Partitioning outside the near field of 
structures to reduce the number of patches of the coupling surface for frequencies 
below the critical frequency is of particular interest. This implies introducing a 
non standard modal expansion to compute the PTF accurately enough to 
guarantee the convergence of the PTF method and reduce computation time in 
comparison to a direct Finite Element resolution. An application on a submarine 
structure illustrates the interest of this approach. 
 
1  Introduction 
The response of elastic structures coupled to water-filled cavities is investigated in this paper. 
The interaction between a mechanical structure and a heavy fluid is of particular interest, 
especially in nuclear and naval engineering. In this situation, the structure is strongly 
influenced by the presence of the surrounding fluid (generally water) [1]. 
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Different numerical methods have been developed in recent decades to model fluid-structure 
interaction problems. The Finite Element Method (FEM) and the Boundary Element Method 
(BEM) are the methods most commonly used in industrial contexts. The advantage of these 
approaches is that they can be applied to any geometry and a wide range of mechanical 
properties. However, they are generally limited to the low frequency range, although the 
inexorable increase in computing capacities tends to extend their applicability to higher 
frequencies. This limitation of frequency has two main causes : (a) the increase in the number 
of degrees of freedom of the FE model as a function of increasing frequency; (b) the non-
symmetric (u,p) formulation of the fluid-structure interaction problem prevents the use of  
classical methods to extract the normal modes. The standard modal method cannot be 
employed. Moreover, the direct resolution of such systems of equations is very time-
consuming. In order to overcome this drawback, different approaches have been proposed in 
recent decades. Some of them [2-4] have used the normal modes of each uncoupled-
subsystem (i.e. in-vacuo modes of the structure and acoustic modes of the cavity with rigid 
wall). In the case of a heavy fluid, the use of uncoupled modal bases can lead to poor 
convergence if the coupling between the high order modes of a given subsystem with the low 
order modes of another system is not considered in the computation. In order to improve the 
convergence of these modal expansions, the modal basis can be enriched by a set of residual 
modes defined as the static response of a subsystem (i.e. structure or cavity) to the excitation 
by a mode shape of the other subsystem [2]. The number of residual modes is therefore equal 
to the number of normal modes which can limit the approach. Similarly, Tournour et al. [5-6] 
showed that the effect of modal truncation using the normal modes of a plate and a cavity is 
critical for the convergence of the method and that convergence can be greatly improved by 
using pseudostatic corrections for both the structure and the cavity. They also show that using 
only a pseudostatic correction for the structure is not sufficient to accurately calculate the 
pressure inside the cavity. Another approach is the use of symmetric variational principles, as 
done in [7], that can lead to a single field “limit case” formulation. The modes of these “limit 
cases” can provide basic functions for the structure and the fluid variables, thus leading to a 
large number of possible modal methods. However, these methods are time-consuming [6].  
Other theoretical reduced models [8-10] have been proposed for the linear vibration analysis 
of bounded fluid-structure systems in low modal density situations. They lead to symmetric 
reduced matrix systems expressed in terms of generalized coordinates for the fluid and, if 
necessary, for the structure.  
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Other authors [11-17] have proposed non standard finite element formulations for acoustic 
fluids in the analysis of fluid-structure interaction problems. These consist in introducing new 
variables for the fluid, thereby leading to symmetric matrix systems that include the 
displacement formulation [11-12], the velocity potential formulation [12-13], the mixed 
displacement potential and pressure formulation [14], and the displacement and vorticity 
moment formulation [15]. By using these formulations, the normal modes of the structure-
cavity system can be computed by solving a symmetric eigenvalue problem. The modal 
expansion method can then be used to estimate the forced response of the dynamic system in 
a straightforward manner. The most commonly used formulation is the symmetric pressure-
displacement potential (u,p,φ) formulation [16-17]. However, these formulations are not 
implemented in all commercial FE software applications.  
 
In this paper, the fluid-structure problem is solved by using the Patch Transfer Function 
approach [18]. This approach is based on substructuring surfaces divided into elementary 
areas called patches and it consists in studying each subsystem independently, in order to 
build a set of transfer functions defined by using mean values on the patches, hence the term 
Patch Transfer Functions. Then, the PTFs are assembled by using the superposition principle 
for the linear passive system along with the continuity relations, leading to the fast resolution 
of the coupled problem. This approach has been successfully applied to solve acoustic 
problems in the medium frequency range for automotive applications [18] and acoustic 
transmission problems with double wall panels [19]. This approach is not based on an 
assumption of weak coupling between subsystems, thus it can be used to solve problems of 
fluid-structure interaction in heavy fluid. Initial developments [20] based on partitioning at 
the fluid-structure interface have shown that using a standard mode expansion to build the 
cavity-PTF leads to poor convergence of the PTF method in heavy fluid (as opposed to light 
fluid). To overcome this problem, the residual shape concept was introduced in the cavity-
PTF calculation. A residual shape corresponds to the response of the cavity excited by a 
constant normal displacement imposed on a patch at a specific frequency. The number of 
residual shapes enriching the modal basis is equal to the number of patches. This ensures the 
convergence of the modal expansion to estimate the PTF. Unfortunately, a major drawback of 
substructuring at the fluid-structure interface occurs when the frequency range of interest is 
well below the critical frequency of the structure, which is generally the case in heavy fluid 
applications. Indeed, Ouisse et al. demonstrated in [18] that a λ/2 patch mesh criterion for the 
coupling surface was sufficient to obtain good results. However, for frequencies well below 
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the critical frequency, the flexural wavelength in the structure is much smaller than the 
acoustic wavelength in the fluid. Consequently, the number of patches that must be 
considered for substructuring at the structure-cavity interface is much greater than that used 
when substructuring is performed in the fluid medium. However, the position of the coupling 
surface that partitions the global system into two (or more) subsystems can be defined in 
different ways. Thus it appears possible to identify an optimal position of the coupling surface 
to minimize the number of patches. This position should not be defined too far from the 
structure, in order to limit the size of the corresponding subsystem, while it should not be too 
close, in order to use a patch mesh criterion based on the acoustic wavelength and not on the 
flexural wavelength. This paper addresses this specific point. 
After having recalled the theoretical background of the PTF method proposed, the definition 
of an optimal position of the coupling surface is discussed in section 3. This discussion is 
based on well-known phenomena related to the acoustic radiation of structures below their 
critical frequencies. A basic analytical model is used to define a criterion for estimating the 
optimal position of the coupling surface. This criterion ensures that the pressure distribution 
varies spatially according to the acoustical wavelength on the coupling surface. Beyond this 
distance, the patch size criterion is assumed as based on the acoustic wavelength. This 
methodology is validated on an academic test case composed of a rectangular plate coupled 
with a parallelepiped cavity. Comparisons between a reference result and the PTF results for 
different substructures show that the distance criterion is well adapted and that a patch mesh 
criterion based on the half acoustic wavelength can be used to obtain good results. However, 
this methodology implies the definition of a subsystem composed of the structure and the 
surrounding fluid. Computing the PTFs of such a subsystem is not an easy task, since the FE 
model associated with this subsystem is non-symmetric, thereby hindering the use of a 
standard eigenvalue solver; moreover, direct resolution is time consuming. To offset this 
difficulty, a non standard modal expansion based on the symmetric formulation proposed in 
the literature [21] is presented in section 4 to facilitate calculating the PTFs of this subsystem. 
For the damped problem, symmetrization leads to a complex mass matrix and requires the 
definition of new modal damping parameters. This formulation also allows computing the 
residual shapes used to enrich the modal basis exactly as in [20]. This approach is 
implemented in the FE commercial software MSC/NASTRAN by using DMAP instructions. 
Comparisons of a direct FE resolution with PTF results by using this modal method on the 
academic test case highlight its accuracy and efficiency. Finally, the present approach is 
applied to an industrial case. It consists in calculating the acoustic transmission through the 
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bulkheads of the ballast compartments of a submarine. To do this, the problem is divided into 
5 subsystems. The results obtained show the efficiency of the PTF method in terms of 
computation time compared to direct FE resolution. 
 
2 Principle of PTF approach 
 
 
Let us consider the internal vibro-acoustic problem presented in Fig 1. The vibrating structure 
of volume Ωs is coupled with a rigid-wall acoustic cavity of volume Ω. Su is the fluid-structure 
coupling interface and Sr is the rigid wall surface. The structure is assumed to be elastic and 
excited by a harmonic point force tjFe ω  where F is the amplitude of the force, ω the angular 
frequency, and t time. Here, we are interested in the stationary response of the system. In the 
following, time dependence will be omitted in the notation although it is always considered. 
The goal of this section is to calculate the responses at point M in the cavity and at point 'M  
of the structure by using the PTF approach. 
 
Basically, the PTF method [18] consists in partitioning the global system into two 
subsystems, by partitioning volume Ω with a coupling surface Sc, as shown in Fig. 1. The 
elastic structure coupled with a subcavity of volume Ω1 is the first subsystem while the other 
subcavity of volume Ω2 is the second subsystem ( 21 ΩΩΩ ∪= ). The coupling surface Sc is 
then divided into N elementary surfaces [ ]niSi ,1 , ∈∂ , called patches.  
For the sake of clarity, it can be considered that there are only two subsystems in this 
presentation, but the PTF approach can be easily extended to an arbitrary number of 
subsystems. 
To define the Patch Transfer Functions (PTF), each subsystem is considered independently. 
For subsystem α (α=[1,2]), a constant normal volume velocity iqα  is prescribed on patch i of 
surface iS∂ , whereas a null normal velocity is prescribed on the other patches. Thus the PTF 
of subsystem α is defined by: 
 
 
        FIGURE 1 
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- the Patch Transfer Functions between excited patch i and receiving patch j, αijZ : 
j
ij
ii
p
Z
q
α
α
α
= , 
 
(1) 
where αjp  is  the space-averaged pressure on the patch j (i.e. ( )dSMpSp
jS
j
j
j ∫
∂∂
=
αα 1 ), when 
patch i vibrates with the normal volume velocity iq
α
. 
In the present definition, one considers the normal volume velocity iq
α
 instead of the normal 
velocity iu
α
 considered in [17]. The use of normal volume velocity i i iq u Sα α= ∂  allows us 
considering the reciprocity relation, αα jiij ZZ = . It reduces the number of calculations of the 
PTFs and it leads to symmetric matrices in the following; 
- the Patch Transfer Functions between excited patch i and point M inside subcavity αiMZ :   
M
iM
i
pZ
q
α
α
α
= , 
 
(2) 
where αMp  is the resulting pressure at point M when patch i vibrates with the normal volume 
velocity iq
α
. 
In the following, subsystem 1 containing the structure is excited with a mechanical force F 
acting on the structure. In agreement with the PTF approach, the blocked pressure of patch i is 
defined for this subsystem: 1~ip  as the space-averaged pressure on patch i due to the 
mechanical force F when a null normal velocity is imposed on all the patches (i.e. null normal 
velocity on the coupling surface Sc). 
 
It should be noted that the PTF corresponds to acoustic impedance, since it is defined as the 
ratio of the mean pressure over the mean volume velocity. These quantities can also be called 
Patch Acoustic Impedance (PAI). This permits making a distinction between the global 
approach (i.e. PTF approach) and the quantities defined in this approach for each subsystem 
(i.e. the PAI). 
 
Coupling the subsystems is performed by:  
- using the linearity properties of the system to express the patch pressure by the sum 
of the pressure corresponding to the source with a rigid boundary surface and the pressure 
radiated by the patch velocities ([18]): 
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[ ]1 1 1 1 2 2 2
1 1
,   and, ,  1,...,
N N
i ji j i i ji j
j j
p Z q p p Z q i N
= =
= + = ∀ ∈∑ ∑ɶ , 
 
(3) 
- writing the continuity conditions on each patch, namely the equality of pressures and 
the equality of normal velocities at connecting patches: 
[ ]1 2 1 2,   and, 0,  1,...,i i i ip p q q i N= + = ∀ ∈ . 
 
(4) 
The velocity condition takes into account that the normal velocity of the patches of the 
different subsystems are in opposing directions. 
By introducing (3) in (4), a linear system is obtained with the patch volume velocities 2jq  as 
unknowns: 
( ) [ ]1 2 2 1
1
,   1,...,
N
ji ji j i
j
Z Z q p i N
=
 + = ∀ ∈ ∑ ɶ . 
 
(5) 
This linear system must be solved is a full system, but its size is small since the number of 
unknowns is equal to the number of patches. Its inversion leads to the patch volume velocities 
values 2jq  when the two subsystems are coupled together. By using the linear property of the 
system in a post-processing phase, it is possible to calculate: 
- the pressure at point M in the subcavity of subsystem 1:  
1 1 1 2
1
N
M M iM i
i
p p Z q
=
= −∑ɶ , and, 
 
(6) 
- the pressure at point M’ in the subcavity of subsystem 2:  
2 2 2
'' ''
1
N
M iM i
i
p Z q
=
=∑ , 
 
(7) 
where 1iMZ  and 
2
iMZ  are defined by Eq. (2). 
These two relations permit estimating the acoustic pressure at any point of the cavity as long 
as the patch transfer functions between the considered point and the patches (i.e. Eq. (2)) have 
been calculated previously.  
To estimate the normal displacement at a given point of the structure, it is necessary to 
introduce two new quantities for subsystem 1 beforehand. Firstly, as with Eq. (2), the Patch 
Transfer Functions are defined between patch i and point M’ on the structure, 1
'iMY :   
1
1 '
'
M
iM
i
WY
q
= , 
 
(8) 
where 1
'MW   is the resulting normal displacement at point M’ when patch i vibrates with a 
constant normal volume velocity 1iq . Secondly, as subsystem 1 containing the structure is 
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excited by the mechanical force, the blocked displacement at point M’, 1
'
~
MW  is defined as the 
displacement at point M’ due to external force F when a null normal velocity is imposed on 
all the patches. 
 
With these quantities and the patch volume velocities, 2iq , it is possible to calculate the normal 
displacement at point M’ of the structure by using the linear property of the system:  
1 1 1 2
' ' '
1
N
M M iM i
i
W W Y q
=
= −∑ɶ ; 
 
(9) 
 
The PTF approach then allows calculating the response of a global system from the PAI of 
uncoupled subsystems by inverting a square symmetric matrix whose dimension corresponds 
to the number of patches. The PAI can be calculated by different methods depending on the 
subsystem considered (analytical for academic subsystems, FEM, BEM for complex 
geometries, Rayleigh integral for semi-infinite medium, etc.). These calculations are 
performed for each subsystem separately. Consequently, parallel computation is possible. 
When FEM is used, the size of the numerical models of each subsystem is considerably 
smaller than that of the global model. Moreover, the use of incompatible meshes at the 
subsystem interface is possible, since the problem of compatibility is solved by patch 
averaging. 
 
3 Position of the coupling surface  
3.1  Discussion and definition of criterion 
In this section, the position of coupling surface Sc is studied. This surface defines the interface 
between two subsystems. Since a weak coupling assumption is not necessary in the PTF 
formulation, it is therefore possible to use any surface to partition the global system. This 
statement has been verified in Ref. [18], in which the acoustic behaviour of a parallelepiped 
cavity was modelled with the PTF method, by using arbitrary coupling surfaces. It was shown 
that the PTF approach gives accurate results even if the modes of the uncoupled subsystems 
are dissimilar to the modes of the global system. Furthermore, a parametric study showed that 
the size of the patches should be less than half the acoustic wavelength at the highest 
frequency of interest (i.e. patch size criterion λ/2) [18]. This criterion was confirmed in Ref. 
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[19] for PTF modelling of the transmission loss of a double panel. In this case, the wavelength 
that had to be considered in the criterion was the flexural wavelength of the panel. 
 
In this paper, the structure is loaded by a heavy fluid and the frequencies of interest are well 
below the critical frequency, which is generally high. The flexural wavelength is thus much 
smaller than the acoustic wavelength. The role played by these two wavelengths in the fluid 
medium depends on the distance from the structure. Indeed, when the structure is excited in 
its near-field, the acoustic pressure varies mainly according to flexural wavelength λf of the 
structure. Thus the patch mesh criterion must be based on the structural wavelength, leading 
to a large number of patches. On the contrary, outside the near field of the structure, the 
acoustic pressure varies according to acoustic wavelength λa. In this situation, a patch mesh 
criterion based on half the acoustic wavelength can be applied, thus limiting the number of 
patches.  
 
 
 
 
To illustrate this statement, examples are presented in the case of a rectangular simply-
supported plate excited by a point force F and coupled to a parallelepiped water filled cavity, 
as shown in Fig. 2. The parameters used in the simulations are given in Table 1. Direct FE 
calculations are performed with MSC/NASTRAN software.  
Fig. 3 presents the pressure distribution inside the cavity for two frequencies: 100 Hz and 700 
Hz, well below the critical frequency (around 13400 Hz). In this figure, the plate excited is 
located at the top of the cavity. It should be noted that the spatial variations of the pressure 
have a smaller wavelength in the near-field of the plate than in the rest of the fluid domain. 
The bending wavelength is much smaller than the acoustic wavelength for the two 
frequencies considered in Fig. 3. The acoustic evanescent waves generated by the plate 
decrease quickly, perpendicularly to the latter. However, the size of the fluid domain 
influenced by the bending motions of the plate is not independent of frequency. It is thus 
necessary to evaluate the optimal position of the coupling surface by ensuring that the 
acoustic pressure varies according to the acoustic wavelength at the interface of the 
subsystem, and by limiting the size of the “structure--attached cavity” subsystem  
 
 
 
 
      FIGURE 2 – TABLE 1 
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To define the cavity attached to the structure, we consider a simpler problem, i.e. the acoustic 
wave propagation generated by the flexural motions of an infinite plate with a natural bending 
wavelength. The basic phenomenon demonstrated in the appendix is the evanescent nature of 
wave propagation in the direction perpendicular to the plate. A criterion is then defined by 
distance limZ  from the plate when the radiated pressure has decreased by 10 dB compared to 
the wall pressure. The developments given in appendix lead to the following expression: 
2
0
2lim 2
)10ln(
kk
Z
f −
= , 
 
(10) 
where fk  is the bending wavenumber of the structure and 0k  is the acoustic wavenumber. 
This criterion ensures that the acoustic evanescent waves generated by the structure will be 
negligible compared to the acoustic travelling wave. Then, from a distance to the structure 
greater than limZ  for a given frequency ω, it can be assumed that the pressure distribution 
varies according to the acoustic wavelength. If the coupling surface is located at a distance 
greater than limZ , it is then possible to discretize the coupling surface with a patch criterion 
based on half the acoustic wavelength. However, limZ depends on the frequency. For a plate 
and for frequencies well below the critical frequency ( )202 i.e. kk f >> , the previous expression 
can be approximated by: 
ω
AZ ≈lim , 
 
(11) 
where A is a constant. 
This indicates that the lower the frequency, the higher limZ is. Since it is useful for practical 
reasons to perform PTF calculations in a wide frequency range without changing the patch 
mesh definition, it is necessary to evaluate the distance criterion at the lower frequency of 
interest. However, a compromise can be found to limit the size of the “structure- attached 
cavity” subsystem and thus keep the advantages of substructuring in the fluid domain. As the 
patch size is defined from the smallest half acoustic wavelength in the frequency range of 
interest, the patch size is lower than the half bending wavelength in the low part of the 
 
 
      FIGURE 3 
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frequency band. There is therefore no need to define the coupling surface at a distance greater 
that the limit distances limZ  calculated in the low frequency of the band. In other words, the 
coupling surface can be located in the near field of the structure as long as the patch size is 
lower than the half bending wavelength. The test case described in Fig. 2 and Tab. 1 
illustrates the process used to determine the optimal distance. Patch size criteria λf/2, λa/2 and 
limit distance limZ  relating to frequency are presented in Fig. 4. The size of the patches is 
defined by considering the smaller half acoustic wavelengths in the frequency band of interest 
[1 Hz-1000 Hz] (i.e. the half acoustic wavelength at 1000 Hz). A patch size of about 0.7 m is 
obtained for the test case. Patch size is thus greater than the half acoustic wavelengths in the 
entire frequency band. Moreover, as can be seen in Fig. 4, , patch size is lower than the half 
bending wavelengths for frequencies below 90 Hz. As the size of the patch conforms to a 
criterion based on the half bending wavelengths for frequencies below 90 Hz, the coupling 
surface can be located in the near-field of the plate for these frequencies. This means that the 
coupling surface can be positioned at a distance lower than limit distances limZ  calculated for 
frequencies below 90 Hz. For frequencies above 90 Hz, patch size is greater than half the 
flexural wavelength. Therefore the coupling surface should be located at a distance greater 
than limZ  calculated for frequencies above 90 Hz. From the lower part of Fig. 4, it is possible 
to deduce that the “optimal” distance from the plate is about 0.3 m (i.e. for frequencies below 
90 Hz, m 3.0lim >Z , whereas m 3.0lim <Z for frequencies above 90 Hz). 
 
 
 
 
 
To verify this reasoning, two different substructurings of the test case are considered. In the 
first case, the coupling surface is defined at 0.05 m, i.e. at a distance less than limZ  for all the 
frequencies in the band, while in the second one, the coupling surface is defined at the  
“optimal” distance from the plate, as discussed above (i.e. 0.3 m). 
 
 
 
 
 
 
 
        FIGURE 4 
 
 
        FIGURES 5-6 
 MAXIT – VIB-11-1135                                                                                                       12 
 
The subsystem meshes corresponding to these two substructurings are shown in Figs. 5 and 6. 
The coupling surface is discretized into 9 patches for both cases (patch size: 0.67m x 0.5m). 
The computations of the PAI are performed by a direct resolution of the FE problem related to 
each subsystem (SOL108 in MSC/NASTRAN Software). These PAI are then used in the PTF 
approach, as described in section 2, to obtain the forced response of the coupled subsystems. 
A reference result for this test case is obtained by a direct resolution of the FE problem for the 
global system. Comparisons of the two PTF results with the reference one are proposed in 
Figs. 7 and 8 in terms of point responses on the plate and in the cavity, respectively. It can be 
seen the first substructuring gives poor results, except in the low part of the frequency band. 
This is due to the fact that the patch size has been defined from a criterion based on the half 
acoustic wavelength, whereas the coupling surface is located in the near field of the plate. On 
the contrary, the second substructuring gives accurate results for the entire frequency band, 
although the patch definition is the same as for the first substucturing. This result clearly 
shows that a patch mesh criterion based on half the acoustic wavelength can be considered as 
long as the coupling surface is located at the “optimal” distance defined previously. The 
definition of this “optimal” distance is the cornerstone of the substructuring method proposed, 
since it must be defined carefully to obtain accurate results without dramatically increasing 
the size of the structure-cavity subsystem. 
 
 
 
 
 
4 Estimation of the PAI of the cavity-structure subsystem by using 
modal expansion  
4.1 Introduction 
In the previous section, the PAIs of each subsystem were obtained by directly resolving the 
linear equation system of the corresponding FE model. These calculations can be time 
consuming which is why using a modal approach is proposed in this section to accelerate the 
PAI calculations. Using modal expansion to calculate the PAI of subsystem 2 of the test case 
is straightforward. For example, the extraction of the cavity modes of the acoustic cavity 
subsystem can be easily achieved by using the Lanczos method. On the contrary, the matrices 
 
 
        FIGURES 7-8 
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of the standard FE model are not symmetric for the structure-cavity subsystem including a 
fluid-structure interaction. Consequently, classical methods such as the Lanczos method, 
which allow extracting eigenvalues and eigenvectors of a generalized eigenvalue problem, 
cannot be applied directly. Some authors [11-17] have proposed different non standard 
formulations of the fluid-structure interaction problem by introducing new variables in the 
fluid domain. In this section, we propose a modal approach to calculate PAIs starting from the 
non-symmetric matrices of a standard FE model of the fluid-structure interaction problem. 
The process can be easily implemented in commercial FEM software applications, such as 
MSC/NASTRAN. 
 
4.2 Formulation 
Let us consider a structure-cavity subsystem excited by an external point force Fe applied on 
the structure. It can be assumed that the surface coupled with another subsystem is divided 
into N patches. In order to compute the PAI of this subsystem, it is necessary to take into 
account the N external loads corresponding to the excitation of each patch with a unit normal 
velocity, independently of the other patches, and the external force, to calculate the blocked 
pressure of this subsystem. All in all, the force responses of the subsystem must be calculated 
for an N+1 loaded case and for different frequencies contained in the frequency band of 
interest ∆ω. In the following, a modal approach is developed to achieve these calculations. 
 
In the approach proposed, the PAI of the structure-cavity subsystem are derived from its FE 
model. At a given angular frequency ω, the classical (U,P) formulation of this subsystem is 
written as follows: (see [20,21]) :  






=












−











 −
Q
F
P
U
MA
M
P
U
K
AK
F
T
S
F
S 0
0
2ω  
 
(12) 
where: - U and P represent the nodal displacements of the structure and the nodal pressure in 
the cavity, respectively;  
- F are the nodal forces applied on the structure, and Q the nodal volume velocities 
imposed in the cavity; 
 - SM  and SK are respectively the mass and stiffness matrices of the structure;  
- FM  and FK  are respectively the mass and stiffness matrices of the cavity; 
- A is the fluid-structure interaction matrix, and; 
- subscript T  refers to the transposed matrix.  
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The damping effect is introduced by considering a complex Young modulus for the structure 
and a complex celerity in the fluid. SK  and FK  are therefore complex matrices.  
As the matrices of Eq. (12) are not symmetric, classical methods cannot be used directly for 
extracting the normal modes. To bypass this difficulty and symmetrise the problem, we 
premultiply Eq. (12) by the following matrix ([21]): 






−
=
−
−
IMA
MKS
S
T
S
T
S
1
1 0
. 
 
(13) 
 
Therefore a symmetric matrix system is obtained:  
[ ] ,2 FXMK =− ω   (14) 
where:  
.,
0
0
 ,,
1
1
11
11






+−
=





=






+−
−
=






=
−
−
−−
−−
QFMA
FMKF
M
KM
AMAKKMA
AMKKMKK
P
U
X
S
T
S
T
S
F
T
S
S
T
FSS
T
S
T
SSS
T
S
 
 
 
(15) 
The inversion of the mass matrix of the structure is straightforward for an FE model with 
lumped masses: 












=
−
⋱
⋱
0
1
0
1
ii
S
m
M . 
 
(16) 
Unfortunately, the rotational inertia terms of the mass matrix are often omitted. The matrix is 
thus singular. It is then necessary to condense the rotation dofs of the structure before 
inverting the resulting mass matrix. The calculations are time consuming, but they only have 
to be performed once. 
 
As M  and K matrices are symmetric, the generalised eigenvalue problem can be written as:  
{ } { }[ ] .0ReRe =− XMK λ  (17) 
The Θ first eigenvalues nλ  and the associated mass-normalized eigenvectors nφ  are 
computed numerically, by implementing a modal extraction method (e.g. the Lanczos 
method):  
{ } 1Re =nTn M φφ , { } nnTn K λφφ =Re , [ ]Θ∈ ,..,2,1n .  (18) 
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Residual shapes are introduced [20] to improve the convergence of the modal expansion 
based on these coupled modes. This technique consists in enriching the modal basis with the 
quasi-static responses due to the different excitations and by re-orthogonalizing the resulting 
modal basis to keep the advantages of modal expansion. In our case N+1 load cases are 
considered, corresponding to the excitations of each patch and the external load. At a specific 
angular frequency ωc, the residual shapes φi due to N+1 excitations iF are calculated:  
{ } { }[ ] iic FMK =− ϕω ReRe 2 . (19) 
A new reduction basis P is defined from these residual shapes:  
{ }111 ...... += NP ϕϕφφ θ   (20) 
In order to re-orthogonalize these vectors, the change of base XPX = . is introduced in Eq 
(17). The projection in the P basis of the resulting equations gives the reduced generalized 
eigenvalue problem: 
[ ] 0=− XMK λ ,   (21) 
with 
{ }PMPM T Re= , { }PKPK T Re= .   (22) 
All eigenvalues αλ'  and associated eigenvectors αv of the eigenvalue problem (21) can be 
calculated easily (for example, by using Givens method [22]). Assuming the eigenvectors are 
mass-normalized and considering the change of coordinates,   
ααχ Pv= , 
 
 
(23) 
the following orthogonality relations are verified:  
1=αα χχ MT , ααα λχχ '=KT , 
0=αβ χχ M
T
, 0=αβ χχ K
T
  if α≠β. 
 
 
(24) 
 
(25) 
 
Now, to estimate the forced response X  from Eq. (14) due to excitation iF , an approximate 
solution can be found in the new basis { }11...' ++Θ= NP χχ  
Γ= 'PX  (26) 
where Γ is the vector of the modal amplitudes. 
To this end, this expression is introduced in Eq. (14) and the projection of the resulting 
equation in the 'P  basis is achieved.   
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As is done classically in the case of weak damping (Basile assumption, [23]), the off-diagonal 
terms of the imaginary part of modal matrices are neglected: 
( ) 0Im ≈βα χχ MT , ( ) 0Im ≈βα χχ KT , if α≠β.  (27) 
Moreover, the modal damping factors, αζ and αη  and the generalized force, αiF  are defined 
as follows: 
( ) ααα χχζ MT Im= ,  ( ) ααα χχη KT Im= , and,  (28) 
αα χii FF = . 
 
(29) 
 
By doing the above, the result of the projection in the 'P  basis gives the modal amplitudes αΓ  
under the general form:  
( ) ( ) [ ]1,1,11 22 ++Θ∈∀+++−=Γ Njj
Fi α
ωηωζ ααα
α
α , 
 
(30) 
where αω  is the natural angular frequency given by αα λω '=   
Using (26) and (30), the response of the structure-cavity subsystem is computed from the 
coupled modes ( )αα χω , . It can be seen that the symmetrization procedure of the standard 
formulation of the fluid-structure problem leads to complex mass and stiffness matrices. As a 
result, two damping factors αζ and αη  must be introduced in the modal method. Their values 
depend on the damping factors associated with the structure and the cavity, and on the mode 
shapes.  
To estimate the PAI between patch i and patch j, a unit normal volume velocity must be 
imposed on the surface of patch i, iS∂ . In the finite element formulation, it is written by: 
nodes allfor  ,0=F , and, 
 , for the  nodes ,
0             , otherwise.
i i
i
j n S
nQ
ω
− ∈∂
= 


 
 
(31) 
 
The PAI ijZ  is then estimated by the expression: 
( ) ( )∑
++Θ
=
+++−
=
1
1
2 11
N
i
ji
ij jj
F
Z
ααα
αα
ωηωζ
χ
, 
 
(32) 
where αχ j  is the mean value of αχ  on patch j. 
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A DMAP procedure [24] was run on MSC/NASTRAN to perform the calculations of the 
coupled modes and the residual shapes described in this section. The modal information was 
then used in a MATLAB program to calculate the PAIs from Eq. (32).  
 
4.2 Numerical validation 
In this section a numerical validation of the PAI calculations from the modal approach 
described previously is proposed. To do this, the test case presented in Fig 2 and the second 
PTF substructuring (see Fig. 6) are considered. 
The coupled modes of the “structure-attached cavity” subsystem were estimated from the 
process described previously. The original modal basis contains the normal modes with their 
natural frequencies below 1500 Hz (i.e. 100 normal modes). Moreover, this modal basis is 
enriched by 10 residual shapes corresponding to the 9 patch excitations and the external load 
acting on the plate. The specific angular frequency ωc has been set to 314 rad/s (100 Hz). The 
results are not sensitive to this parameter as long as this specific frequency is not equal to a 
natural frequency of a coupled mode and its value remains below the frequency of the last 
coupled normal mode retained in the modal expansion (see discussion in [20]).  The values of 
the modal damping factors αζ and αη  are presented in Fig. 9.  
 
 
 
 
 
These values depend on the cavity damping value, namely 0.001, and the plate damping 
value, namely 0.01. For the low modal order, the values of αζ are close to the value of the 
plate damping factor. This can be explained by the fact that the cavity has a non-resonant 
behaviour for the low frequencies considered and that the coupled modes are dominated by 
the plate modes. For a higher modal order, the coupled modes correspond to strong coupling 
between plate modes and cavity modes. Thus, the values of αζ and αη vary between the plate 
and the cavity damping values. For the residual shapes, the values of αη are generally close to 
the plate damping value and are greater than that of αζ . However, since the natural 
frequencies of the residual shape modes are located between 2259 Hz and 5225 Hz, their 
 
 
FIGURE 9 
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responses for frequencies below 750 Hz are non resonant and do not depend on their damping 
values. 
 
 
 
 
 
In Fig. 10 the results obtained for the blocked pressure by three methods are presented. The 
first method is the reference one and consists in a direct resolution of the FE problem; the 
second is the present modal method without residual shapes, and the last is the present modal 
method including the residual shapes. Similar comparisons are proposed in Fig. 11 and Fig. 
12 for the input PAI of patch 1 and for the transfer PAI between patch 1 and patch 3, 
respectively.  
In Figs. 10 and 12, it can be seen that the modal approach without residual shape modes 
allows converging in the resonant domains of the spectrum, whereas several discrepancies can 
be observed in the non-resonant domains. The natural frequencies of the coupled modes are 
therefore correctly estimated by the present approach, but these coupled modes do not allow 
representing the non-resonant behaviour of the cavity-structure system. Moreover, for the 
input PAI (see Fig. 11), the discrepancies between the modal results and the reference result 
appear at all frequencies above 100 Hz. This is due to the poor convergence of modal 
expansion for an acoustic cavity, as illustrated in Ref. [20]. Consequently, a large number of 
non-resonant modes are required to ensure the convergence of the PAI calculation. However, 
using residual shape modes considerably improves the convergence of the modal expansion. 
This can be observed in Figs. 10-12 where the curves of the reference results and those of the 
modal expansion with residual shapes match very well.  
 
 
 
 
These PAIs calculated from the modal method are then used in the PTF approach to calculate 
the global response of the test case. The structural accelerations and the acoustic pressures 
obtained from the PTF approach are compared with the reference results in Figs. 13 and 14, 
respectively. It can be seen that the poor convergence of the PAIs calculated without the 
residual shape modes leads to significant errors in the PTF calculation of the acoustic pressure 
 
 
     FIGURES 13-14 
 
 
     FIGURES 10-12 
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inside the cavity. On the contrary, using residual shape modes provides good results. Tab. 2 
shows the MSC/NASTRAN computing times required for the different calculations 
performed on the test case. They indicate that a significant decrease in computing-time is 
obtained with the modal method proposed in comparison to a direct FE calculation. 
 
In conclusion, the modal approach described in this section permits calculating the PAI of 
each subsystem accurately and efficiently compared to a direct FE calculation. 
  
 
 
 
 
5 Submarine application: sound transmission through ballast 
compartments  
A numerical application on a naval industrial case is proposed to illustrate the advantages of 
the approach presented. It concerns the assessment of the self-noise on the bow sonar of a 
submarine. Self-noise is the noise generated by the submarine on its acoustic arrays. In some 
situations, this noise can disturb the reception of acoustic sensors and limit their detection 
performance. One of the sources of this self noise could be the radiation of the end of the 
pressure hull excited by internal mechanical sources. The acoustic energy could then 
propagate from the end of the pressure hull to the bow Sonar cavity through the ballast 
compartments. The application proposed in this section is a simplified problem consisting in 
modelling sound transmission through two ballast compartments located at the front of a 
submarine.  
5.1 Description of the problem 
 
 
 
 
 
 
 
Let us consider the ballast compartments described in Fig. 15. The structure is composed of 
three simply supported elastic bulkheads coupled by two rigid-wall water-filled cavities. The 
 
 
         FIGURE 15 
 
 
          TABLE 2 
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thick bulkhead on the right-side of Fig. 15, which represents the end of the pressure hull, is 
excited by a point mechanical force in the frequency band [1Hz-1000Hz]. The aim is to assess 
the acceleration levels on non excited bulkheads due to the energy transmission through the 
cavities. 
The geometry of the system corresponds to a quarter part of a truncated cone 17.3m long with 
a diameter varying from 4m to 5m. The bulkheads are portions of spheres with radii ranging 
from 20m to 29.3m, as shown in Fig. 15. They are made of steel (ρ=7800 kg/m3, E=2.1x1011 
Pa, ν=0.3, η=0.01), with a constant thickness of 50mm for the excited bulkhead, and 22mm 
for the others. The two cavities are filled with water (ρ=1000 kg/m3, c=1500m/s, η=0.001). 
The excitation is a unit point force acting on the thick bulkhead along the x-axis at point 
(17.76 m, 2.77 m, 2.77 m). An FE model of the whole system has been built on the basis of 6 
elements per wavelength at 1000 Hz. It is composed of 106522 nodes, 5953 CQUAD4 
elements and 520422 CTETRA elements. 
 
5.2 Application of the PTF approach 
The substructuring introduced in section 3 is applied to the present application to define the 
PTF subsystems. As the whole system is made up of three bulkheads coupled by two cavities, 
each bulkhead can be integrated in a different subsystem with its surrounding fluid. Two 
bulkheads are then loaded by the fluid on one side whereas the last one is loaded on both sides 
(see Fig. 15).  
 
 
 
 
 
Furthermore, the coupling surfaces are located at the optimal distance from the bulkheads, as 
discussed in section 3.1. To define this optimal distance, the patch size criterion and Zlim 
criteria for the equivalent plates are plotted in Fig. 16. A patch dimension of 0.7m is lower 
than the half acoustic wavelength at 1000 Hz. A criterion of the half bending wavelength of 
the 50mm-thick plate (resp. 22mm-thick plate) is then respected for frequencies below 250 Hz 
(resp. 100 Hz), which allows setting the optimal distance to 0.3 m. For practical reasons, a 
plane geometry for the coupling surfaces is chosen. A minimum of 0.3 m is then imposed 
between the 4 coupling surfaces and the bulkheads, as shown in Fig. 17. The coupling 
 
 
         FIGURE 16 
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surfaces are divided into 151 patches according to a patch mesh criterion based on 2 patches 
per acoustic wavelength. The FE models of the 5 subsystems are presented in Fig. 18. Finally, 
it is important to note the practical interest of such substructuring, since the number of dofs of 
these models is well below the number of dofs of the whole system. 
 
 
 
 
 
The modal method, developed in section 4 is used to calculate the PAIs of structure-cavity 
subsystems 1, 3 and 5. For cavity subsystems 2 and 4, the classical modal approach including 
residual shapes [20] is used to solve the acoustic problem. Normal modes with natural 
frequencies below 1500 Hz are taken into account in these modal expansions. The 
calculations are performed with MSC/NASTRAN software. The computing times and the 
number of normal modes for each subsystem are given in Tab. 3. 
 
 
 
 
 
An identification number from 1 to 151 is attributed to each patch. This number is used to 
create a PAI matrix for each subsystem. The PAI matrix of subsystemα , αZ [ ]( )5,1∈α  is 
defined such that the coefficient of row i and column j is the PAI of subsystemα  between the 
patch of identification number i and the patch of identification number j. If one or two of the 
patches considered do not belong to the surface coupling of subsystemα , the coefficient is 
zero. The dimensions of matrix αZ  are therefore 151151× . Likewise, the blocked pressure 
vector p~  is defined in which the coefficient of row i corresponds to the blocked pressure of a 
patch with identification number i. 
Then, the PTF methodology described in section 2 is applied for the 5 subsystems. Initially, 
the pressure on each patch of the 5 subsystems is written by using the superposition principle 
for linear passive systems; secondly, the continuity conditions of pressure and velocity are 
written for each patch linked to two subsystems. The patch velocities of subsystem 2 and 
subsystem 3 are kept unknown. The patch velocities of the other subsystems can be deduced 
 
 
      FIGURES 17,18 
 
 
      TABLE 3 
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directly from the previous patch velocities by using the velocity continuity conditions. Then, 
the coupling volume velocity vector q  is defined in which the coefficient of row i 
corresponds to the patch volume velocity of subsystem 2 or subsystem 4 for the patch with 
identification number i.  
This methodology is used to obtain the following matrix system: 
1 2 3 4 5Z Z Z Z Z q p, + + + + =  ɶ  
 
(33) 
where αZ  is the PAI matrix of subsystem α, p~ is the blocked pressure vector, and q  is the 
coupling velocity vector. 
By solving Eq. (33), the coupling velocity vector q  is obtained. The response of the global 
system at the receiving points is then easily calculated in a post-processing step, by using the 
PAIs between the patches and the receiving points.  
Even for this case composed of 5 subsystems, the size of the resulting equation system (see 
Eq. (33)) remains small thanks to a partition performed outside the acoustic near-field of the 
structures. As a result, this system is solved very quickly. In the present approach, the 
computation efforts are related to the extraction of the normal modes of each subsystem, 
which is significantly less time-consuming than for the whole system. 
5.3 Comparison with a reference calculation  
In this section, the results obtained with the PTF approach are compared to that obtained from 
a direct FE calculation of the whole vibro-acoustic system considered as a reference. Despite 
the fact that direct FE calculation gives reliable results, it is very time-consuming when 
compared to a PTF calculation, since a direct FE calculation lasts 73976 seconds (~ 20.5 
hours) versus 13072 seconds (~ 3.6 hours) for a PTF calculation. Comparisons between the 
reference results and the PTF results are proposed in Figs. 18-21 for the three receiving points 
defined in Tab. 4. 
 
 
 
 
In Fig. 19, a comparison of the acceleration level on the excited bulkhead given by three 
calculations is proposed. The first calculation is the FE calculation that considers subsystem 1 
alone with homogeneous Neumann boundary conditions at the interface with subsystem 2. 
This result corresponds to the blocked acceleration 1
'
~
Mγ  (i.e. 1 '21 ' ~~ MM Wωγ −= ) used in the PTF 
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approach (see section 2). The second calculation corresponds to the PTF approach including 
the coupling with the other subsystems, while the last is the direct FE resolution. For the sake 
of clarity, the results are presented in the frequency band [1Hz -150Hz]. Large differences 
between the FE results obtained on uncoupled subsystem 1 and that obtained for the whole 
system can be observed. This indicates that the surrounding fluid considered in subsystem 1 is 
insufficient to represent the fluid loading of the excited bulkhead. If these calculations were 
performed on a case with light fluid (e.g., water replaced by air), the differences between the 
2 calculations would be negligible. Finally, the good agreement between the PTF and the 
reference results illustrated in Fig. 19 shows that the PTF approach gives a good description 
of the fluid loading on the excited bulkhead and the coupling with the other subsystems. 
 
 
 
 
The comparisons of the whole frequency band presented in Figs. 20-22 give full satisfaction 
wherever the point of reception is placed. Small shifts of the resonant and anti-resonant peaks 
can be observed in the upper part of the frequency band. These shifts are not crucial for the 
analysis of vibro-acoustic behaviour due to the high modal density of the system. 
The vibratory levels of the non-excited subsystems are correctly predicted despite the fact that 
the transmission through the intermediary bulkhead is dominated by the response of non 
resonant plate modes (i.e. transmission loss is dominated by the mass-law). It should be 
recalled that these results were obtained by introducing residual shape modes in the modal 
expansion, as shown previously in section 4.2.  
This submarine application clearly shows that the PTF approach is efficient and well adapted 
to complex systems, since each subsystem is defined by its own FE model and solved 
independently of the others. Modification of one of the subsystems only leads to a simple 
update of its PTF as long as the geometry of the structure–cavity interface remains 
unchanged. Therefore the method is well adapted for re-analysing and optimising the system 
considered. 
Furthermore, the number of patches remains limited due to the substructuring proposed in this 
paper, and the PTF computing time is reduced once the PAIs have been calculated, which is 
one of the advantages of the PTF method. Moreover, parallel computation of the PAIs is 
possible, since these basic quantities are established for uncoupled subsystems. It is also 
possible to deal with incompatible subsystem meshes. In the application presented here, 
 
 
   FIGURES 20-22 
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compatible meshes have been used to generate a mesh of the whole system and thus formulate 
the reference calculation. However, the PTF method provides a tool for dealing with 
incompatible meshes. For subsystems 2 and 4, coarser meshes could be defined on the basis 
of an element size criterion deduced from the acoustic wavelength divided by 6.   
In conclusion, the application of this method to a submarine prow bulkhead structure 
demonstrates that it is capable of solving complicated problems relating to industrial vibro-
acoustic systems and that it is numerically efficient. 
 6 Conclusion 
Improvements of the PTF procedure were proposed in this paper to solve a structure-cavity 
problem in heavy fluid. It was shown that substructuring outside the near-field of the structure 
allows reducing the number of patches. An optimal distance between the structures and the 
coupling surfaces was defined from the analysis of the infinite plate radiation problem. Its 
validity was then demonstrated on an academic test case. However, such substructuring leads 
to the definition of a structure-cavity subsystem for which the FE model has non-symmetric 
matrices. Consequently, standard eigenvalue solvers cannot be used to extract the modes of 
this subsystem and compute its PAIs. To bypass this difficulty, we used a non-standard modal 
method based on the direct symmetrization of the standard (U,P)  formulation. In the case of 
the damped problem, symmetrization leads to complex mass and stiffness matrixes. Two 
modal damping factors were then defined for each mode as a function of the mode shape and 
the damping factors of the structure and the cavity. Moreover, the residual mode shapes 
introduced in Ref. [20] were used to improve the convergence of modal series. Comparison 
with a reference calculation for a complex case highlighted the accuracy and interest of the 
present approach, which allows reducing computational costs in contrast to the direct 
resolution of the FE problem.  
 
As the PAIs are calculated for the uncoupled subsystems, independently of the others, the 
PTF approach can be easily extended to the unbounded fluid domain [25]. In this case, the 
unbounded fluid domain is considered as a subsystem and the corresponding PAI can be 
estimated from an integral formulation. An application of this extension to the prediction of 
Turbulent Boundary layer induced noise inside a submarine SONAR cavity is developed in a 
doctoral thesis [25].  
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Appendix. Criterion for acoustic evanescent wave attenuation  
To define the cavity attached to the structure from a criterion, it is necessary to consider the 
acoustic wave generated by the flexural motions of an infinite plate. The criterion is then 
defined by the distance from the plate when the pressure has decreased by 10 dB compared to 
the parietal pressure. This criterion will ensure that the acoustic evanescent waves generated 
by the structure will be negligible compared to the acoustic travelling wave. 
 
 
 
 
 
Consequently, the simple two-dimensional problem shown on Fig. 23 is considered. It is 
composed of an acoustic half-space 
∞
Ω with a prescribed normal displacement W imposed on 
the plane boundary
∞
Ω∂ . The displacement prescribed is defined by the flexural motion of an 
infinite plate at angular frequency ω. The spatial dependence of this displacement is described 
by: ( ) rjk feWrW −= ~  where W~  is the displacement amplitude and fk  the bending wavenumber.  
 
 The formulation of this problem is given by [21]: 
( )
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(A.1) 
where 0k  is the acoustic wavenumber and the last relation is the Sommerfeld radiation 
condition corresponding to the acoustic free field. 
 
The r-wise variation of the acoustic pressure must follow that of the displacement prescribed 
[21]. With ( ) ( ) rjk fezpzrp −= ~, , thus the problem can be rewritten as: 
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The resolution of the second order differential equation gives: 
( ) zjk
z
ze
k
Wj
zp
~
~
2
0ωρ
= , 
 
 
 
 
 
(A.3) 
 where zk is the solution of the characteristic equation: 
222
0 zf kkk += . 
 
 
(A.4) 
 
Supposing that the bending wavenumber is greater that the acoustic wavenumber ( 0kk f > ) 
and considering the Sommerfeld conditions, the single solution for zk  is: 
2
0
2 kkjk fz −= . 
 
 
(A.5) 
 
The acoustic pressure in the fluid due to the prescribed displacements is inferred by: 
( ) ( )rW
kk
e
zrp
f
zkk f
2
0
2
2
0
2
0
2
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−
=
−−
ωρ
. 
 
 
 
 
 
(A.6) 
This equation expresses the spatial decrease of the acoustic wave radiated by the infinite plate. 
Therefore the acoustic pressure attenuation from the wall (z=0) is defined by: 
( )
( ) 




=∆
0,
,log20
rp
zrpLp . 
 
(A.7) 
 
By introducing Eq. (A.6) in this expression, we obtain: 
zkkL fp
2
0
2
)10ln(
20
−−=∆ . 
 
(A.8) 
 
Therefore a limit distance limZ  with a criterion of 10 dB attenuation ( 10−=∆ pL ) can be 
defined. Lastly, from Eq. (A.8), we deduce: 
 MAXIT – VIB-11-1135                                                                                                       27 
 
2
0
2lim 2
)10ln(
kk
Z
f −
= . 
 
(A.9) 
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TABLE CAPTIONS 
 
 
 
Table 1. Simulation parameters of the test case. 
 
 
Table 2.  Computing time for the different NASTRAN calculations – PC AMD 64 X2 Dual 
3.20 GHz, 2 Go RAM  (dof: degree of freedom; rs: residual shapes). 
 
Table 3. Mode number, dofs number and NASTRAN computing time for each subsystem. 
 
Table 4. Position of the excitation point M0 and the receiving points M1, M2, M3. 
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FIGURE CAPTIONS 
 
 
Figure 1.  Structure-Cavity problem and PTF substructuring. 
 
 
Figure 2. Mesh of the plate-cavity test case (9856 nodes, 567 CQUAD4 elements, 7938 
CHEXA elements) 
 
 
Figure 3. Pressure field in the cavity at 100 Hz (upper) and 700 Hz (lower) for the reference 
test case. Results of direct FEM calculation (MSC/NASTRAN). 
 
 
Figure 4. Upper part, Patch size criteria λ/2 for the fluid medium (full line) and for the plate 
structure (dotted line). Lower part, Zlim parameter defined by Eq. (10). (dash-dotted line 
symbolised λ/2=0.7m and Zlim=0.3m for the upper part and the lower part respectively).  
 
 
Figure 5. Substructuring 1: Subsystem 1: 567 CQUAD4, 567 CHEXA; Subsystem 2: 7371 
CHEXA) 
 
Figure 6. Substructuring 2: Subsystem 1: 567 CQUAD4, 2268 CHEXA; Subsystem 2: 5670 
CHEXA 
 
 
Figure 7. Comparison of the acceleration level of the plate at point (1.85, 0.93) for three 
calculations: dash-dotted line, PTF results with substructuring 1; dash line, PTF results with 
substructuring 2; solid line, direct FEM results (reference); 
 
 
Figure 8. Comparison of the pressure level in the cavity at point (1.03,0.93,-0.86) for three 
calculations: dashed-dotted line, PTF results with substructuring 1; dashed line, PTF results 
with substructuring 2; solid line, direct FEM results (reference). 
 
Figure 9. Values of damping parameters η  and  ζ  for each modal order: crosses, values for 
η ; circle, values for ζ . Vertical dotted line, splitting between the 100 normal modes and the 
10 residual shapes. 
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Figure 10. Comparison of three methods to estimate the patch blocked pressure of patch 1: 
dashed-dotted line, modal superposition without residual shapes; dashed line, modal 
superposition with residual shapes; solid line, direct FEM results (reference); 
 
 
Figure 11. Comparison of three methods to estimate the input patch acoustic impedance of 
patch 1: dashed-dotted line, modal superposition without residual shapes; dashed line, modal 
superposition with residual shapes; solid line, direct FEM results (reference); 
 
 
Figure 12. Comparison of three methods to estimate the patch acoustic impedance between 
patch 1 and patch 3: dashed-dotted line, modal superposition without residual shapes; dashed 
line, modal superposition with residual shapes; solid line, direct FEM results. 
 
 
Figure 13. Comparison of the acceleration level of the plate at point (1.85, 0.93) for three 
calculations: dashed-dotted line, PTF results with PAI estimated by modal superposition 
without residual shapes; dashed line, PTF results with PAI estimated by modal superposition 
taking the residual shapes into account; solid line, direct FEM results (reference). 
 
 
Figure 14. Comparison of the pressure level in the cavity at point (1.03,0.93,-0.86) for three 
calculations: dashed-dotted line, PTF results with PAI estimated by modal superposition 
without residual shapes; dashed line, PTF results with PAI estimated by modal superposition 
taking the residual shapes into account; solid line, direct FEM results (reference). 
 
 
Figure 15. Iso view and top view of the design of the ballast compartments. 
 
 
Figure 16. Upper part, Patch size criteria λ/2 for the fluid medium (full line), for the 22 mm 
thick plate (dash line) and for the 50 mm thick plate (dotted line). Lower part, values of the 
Zlim parameter for the 22mm thick plate (dash line) and for the 50 mm thick plate (dotted line) 
(dashed-dotted line symbolised λ/2=0.7m and Zlim=0.3m for the upper part and the lower part 
respectively). 
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Figure 17. Patch definition. 
 
 
Figure 18. FE model definitions of PTF subsystems. 
 
 
Figure 19. Comparison of the acceleration level at point M1 for three calculations: dashed-
dotted line, FEM results without considering the coupling with the other subsystems (i.e. 
FEM results of the blocked subsystem); dashed line, PTF results considering the coupling 
with the other subsystems; solid line, direct FEM results of the whole problem (reference). 
 
 
Figure 20. Comparison of the acceleration level at point M1 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
 
 
Figure 21. Comparison of the pressure level at point M2 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
 
 
Figure 22. Comparison of the acceleration level at point M3 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
 
 
Figure 23. Semi-infinite 2D fluid medium with imposed displacements at the boundary. 
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TABLES 
 
 
Parameters Values 
Plate length 2 m 
Plate width 1.5 m 
Plate thickness 17 mm 
Cavity depth 1 m 
Plate density 7800 kg/m3 
Young modulus 2.1×1011 Pa 
Poisson’s ratio 0.3 
Plate damping factor 0.01 
Water density 1000 kg/m3 
Sound speed in water 1500 m/s 
Water damping factor 0.001 
Excitation point coordinates (1.03, 0.93) 
 
Table 1. Simulation parameters of the test case. 
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Method Subsystem Substructuring Nb of dof / Nb of modes Computing time  
Direct 1 and 2 --- 12936 dof 1397 s  
Direct 1 1 4828 dof 200 s  
Direct 2 1 9200 dof 1688 s   
Direct 1 2 6776 dof 542 s  
Direct 2 2 7352 dof 755 s  
Modal 1 2 100 modes  + 10 rs  17 s  
Modal 2 2 18 modes + 9 rs 7 s  
 
Table 2.  Computing time for the different NASTRAN calculations – PC AMD 64 X2 Dual 
3.20 GHz, 2 Go RAM  (dof: degree of freedom; rs: residual shapes). 
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Subsystem Nb of dof Nb of modes Computing time 
1 26718 309 5026 s 
2 39481 786 617 s 
3 26475 545 4814 s 
4 31026 637 439 s 
5 16003 364 2176 s 
 
Table 3. Mode number, dofs number and NASTRAN computing time for each subsystem. 
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Point Subsys.  x (m) y (m) z (m) 
M0 1 17.76 2.77 2.77 
M1 1 17.61 2.85 1.20 
M2 4 7.34 1.39 2.52 
M3 5 0.17 1.98 1.73 
 
Table 4. Position of the excitation point M0 and the receiving points M1, M2, M3. 
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FIGURES 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.  Structure-Cavity problem and PTF substructuring. 
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Figure 2. Mesh of the plate-cavity test case (9856 nodes, 567 CQUAD4 elements, 7938 
CHEXA elements) 
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Figure 3. Pressure field in the cavity at 100 Hz (upper) and 700 Hz (lower) for the reference 
test case. Results of direct FEM calculation (MSC/NASTRAN). 
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Figure 4. Upper part, Patch size criteria λ/2 for the fluid medium (full line) and for the plate 
structure (dotted line). Lower part, Zlim parameter defined by Eq. (10). (dash-dotted line 
symbolised λ/2=0.7m and Zlim=0.3m for the upper part and the lower part respectively).  
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Figure 5. Substructuring 1: Subsystem 1: 567 CQUAD4, 567 CHEXA; Subsystem 2: 7371 
CHEXA) 
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Figure 6. Substructuring 2: Subsystem 1: 567 CQUAD4, 2268 CHEXA; Subsystem 2: 5670 
CHEXA 
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Figure 7. Comparison of the acceleration level of the plate at point (1.85, 0.93) for three 
calculations: dash-dotted line, PTF results with substructuring 1; dash line, PTF results with 
substructuring 2; solid line, direct FEM results (reference); 
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Figure 8. Comparison of the pressure level in the cavity at point (1.03,0.93,-0.86) for three 
calculations: dashed-dotted line, PTF results with substructuring 1; dashed line, PTF results 
with substructuring 2; solid line, direct FEM results (reference). 
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Figure 9. Values of damping parameters η  and  ζ  for each modal order: crosses, values for 
η ; circle, values for ζ . Vertical dotted line, splitting between the 100 normal modes and 
the 10 residual shapes. 
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Figure 10. Comparison of three methods to estimate the patch blocked pressure of patch 1: 
dashed-dotted line, modal superposition without residual shapes; dashed line, modal 
superposition with residual shapes; solid line, direct FEM results (reference); 
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Figure 11. Comparison of three methods to estimate the input patch acoustic impedance of 
patch 1: dashed-dotted line, modal superposition without residual shapes; dashed line, modal 
superposition with residual shapes; solid line, direct FEM results (reference); 
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Figure 12. Comparison of three methods to estimate the patch acoustic impedance between 
patch 1 and patch 3: dashed-dotted line, modal superposition without residual shapes; 
dashed line, modal superposition with residual shapes; solid line, direct FEM results. 
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Figure 13. Comparison of the acceleration level of the plate at point (1.85, 0.93) for three 
calculations: dashed-dotted line, PTF results with PAI estimated by modal superposition 
without residual shapes; dashed line, PTF results with PAI estimated by modal superposition 
taking the residual shapes into account; solid line, direct FEM results (reference). 
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Figure 14. Comparison of the pressure level in the cavity at point (1.03,0.93,-0.86) for three 
calculations: dashed-dotted line, PTF results with PAI estimated by modal superposition 
without residual shapes; dashed line, PTF results with PAI estimated by modal superposition 
taking the residual shapes into account; solid line, direct FEM results (reference). 
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Figure 15. Iso view and top view of the design of the ballast compartments. 
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Figure 16. Upper part, Patch size criteria λ/2 for the fluid medium (full line), for the 22 mm 
thick plate (dash line) and for the 50 mm thick plate (dotted line). Lower part, values of the 
Zlim parameter for the 22mm thick plate (dash line) and for the 50 mm thick plate (dotted line) 
(dashed-dotted line symbolised λ/2=0.7m and Zlim=0.3m for the upper part and the lower part 
respectively). 
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Figure 17. Patch definition. 
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Figure 18. FE model definitions of PTF subsystems. 
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Figure 19. Comparison of the acceleration level at point M1 for three calculations: dashed-
dotted line, FEM results without considering the coupling with the other subsystems (i.e. 
FEM results of the blocked subsystem); dashed line, PTF results considering the coupling 
with the other subsystems; solid line, direct FEM results of the whole problem (reference). 
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Figure 20. Comparison of the acceleration level at point M1 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
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Figure 21. Comparison of the pressure level at point M2 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
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Figure 22. Comparison of the acceleration level at point M3 for two calculations: dashed line, 
PTF results; solid line, direct FEM results (reference). 
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Figure 23. Semi-infinite 2D fluid medium with imposed displacements at the boundary. 
 
 
 
 
